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Let X be a magma; that is X is a set together with a binary operation o on X. For 
each X & X we obtain maps R{x) and L{x) on X defined by R{x) : y \—>- y o x and 
L{x) : y ^ X o y called right and left translation by x, respectively. A loop is a magma 
X with an identity 1 such that R{x) and L{x) are permutations of X for all x & X . In 
essence loops are groups without the associative axiom. See [Br, Pf] for further discussion 
of basic properties of loops. 

Certain classes of loops have received special attention: A loop X is a (right) Bol loop 
if it satisfies the (right) Bol identity (Bol): 

(Bol) {{z o x) o y) o X = Z o ((x o y) o x). 

or equivalently 

(Bol2) R{x)R{y)R{x) = R{{xoy)ox). 

for all x,y, z E X . In a Bol loop, the subloop {x) generated by a; G X is a group. Thus 
we can define x~^ and the order of a; to be, respectively, the inverse of x and the 
order of x in that group. For basic facts about Bol loops, see [Ro]. 

A loop X in which inverses are defined satisfies the automorphic inverse property 
(AIP) if (x o y)~^ = x~^ o y~^ for all x,y E X. Finally X is a Bruck loop if X is a Bol 
loop satisfying the AIP. Bruck loops are also known as K-loops [Ki] and gyro commutative 
gyrogroups (see, e.g., [FU]). 

We prove many of our results on loops by translating them into results about groups, 
using an observation of Reinhold Baer in [Ba]: Given a loop X, define K = {R{x) : 
X G X} regarded as a subset of the symmetric group Sym{X) on X , G = {K) to be 
the subgroup of Sym{X) generated by K, and H = Gi to be the stabilizer in G of the 
identity 1 of X. Set e{X) = (G, H, K). In the loop theory literature, G is usually called 
the right multiplication group of X, but since we will make no reference to groups with 
left translations as generators, we will follow [A2] and simply call G the enveloping group 
of X. The subgroup H is the (right) inner mapping group of X, and we call t{X) the 
envelope of X. 

We can now state our main theorems: 
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Theorem 1. Let X be a finite Brack loop with enveloping group G. Then 

(1) X = O'^'iX) * 0{X) and G = O"^' (G) * 0(G) are central products. 

(2) O^'iX) n 0{X) = Z IS a subloop of Z{X) of odd order and O^' (G) D 0(G) is a 
subgroup of Z{G) of odd order. 

(3) X/Z = 0^'{X)/Z X 0{X)/Z. 

(4) 02(X) = 0{X), so 0'^'{X)/Z IS a 2-element loop. 

(5) IfX is solvable then 0^\x) = 02{X), so X ^ 02{X) x 0{X) and G = 02{G) x 
0{G). 

See [FGT] for notation and terminofogy involving groups. An element of X of order a 
power of 2 is called a 2-element, and we say that X is a 2-element loop if every element 
of X is a 2-element. Given a set n of primes, X is a n-loop if 7r(|X|) C tt. In particular, 
if \X\ is a power of 2, then X is a 2-loop, while if \X\ is odd, then X is a 2' -loop. We 
write Ot^{X) for the largest normal yr-subloop of X, so that 02{X) is the largest normal 
2-subloop. Further we abbreviate 02'{X), the largest normal subloop of odd order, by 
0{X). Finally we write 0^(X), O^ {X) for the subloop generated by all elements of odd 
order, all 2-elements, respectively. 

The center Z{X) of a loop X is the set of all a G X such that ao (xoy) = xo (aoy) = 
(x o a) o y = X o (y o a) for all x, j/ G X. The center is a normal subloop (see Section 1 for 
the definition of normality). 

One of the main tools in the proof of Theorem 1 is the following result about arbitrary 
Bruck loops, which is of independent interest: 

Theorem 2. Let X be a Bruck loop and x,y E X with x a 2-element and y an element 
of odd order. Then R{x)R{y) = R{x oy) = R(i/ o x) = R{y)R{x). Hence x o y = y o x. 

Theorem 1 reduces the study of finite Bruck loops to the study of 2-element loops and 
loops of odd order. The category of Bruck loops of odd order is essentially equivalent 
to the category of pairs (G, r) where G is a group of odd order and r an involutory 
automorphism of G such that G = [G,t] and Cz(g){t) = 1- This fact goes back to 
Glauberman in [G2] and [G3]; see also 5.7, 5.8, and 5.10. As a result, Bruck loops of 
odd order are well behaved and well understood. On the other hand Bruck 2-loops and 
Bruck 2-element loops seem difficult to analyze. 

It seems possible that all finite Bruck loops X are solvable, and hence X = 02{X) x 
0{X). Our next theorem is a step toward proving that finite Bruck loops are indeed 
solvable. Define a finite Bruck loop to be an M-loop if each proper section of X is 
solvable, but X is not solvable. 

Theorem 3. Let X be an M-loop, e{X) = (G, H,K), J = 02(G), and G* = G/J. Then 

(1) X is a simple 2-element loop. 

(2) G* ^ PGL2{q), with q = 2"^ + I > b, H* is a Borel subgroup of G* , and K* 
consists of the involutions in G* — F*{G*). 

(3) F*{G) = J. 

(4) Let Ho = \K n J\ and ni = \K n aJ\ for a E K — J . Then uq is a power of 2, 
no = ni2"-S and \X\ = \K\ = {q + l)no = ni2'^(2"-i + 1). 
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One would like to show that M-loops do not exist, and hence show that finite Bruck 
loops are solvable. Theorem 3 identifies a set of obstructions to that goal. This is essen- 
tially the same set of obstructions to the Main Theorem of [A2] on Bol loops of exponent 
2. See section 12 of [A2] for a discussion of possible approaches to eliminating these 
obstructions or alternatively to constructing examples of M-loops. These approaches 
involve the analysis of Bruck 2-loops. 

A loop X is said to be an Ar-loop if its inner mapping group acts as a group of 
automorphisms of X in its permutation representation on X. The class of finite Bol 
loops which are also A^-loops is much larger than the class of finite Bruck loops; for 
example the former class includes all finite groups. Still (cf. Lemma 8.1) the latter class 
can be described in terms of the former class and the class of finite groups, allowing us 
to prove: 

Corollary 4. Let X be a finite loop which is both a Bol loop and an A^-loop. Then X 
is solvable iff the enveloping group of X is solvable. 

The proof of Theorem 1 uses the solvability of groups of odd order, established by Feit 
and Thompson in [FT], Glauberman's Z*-Theorem [Gl], and several other results from 
the theory of finite groups, whose proofs are a bit easier and can be found in [FGT]. The 
proof of Theorem 3 involves appeals to the Main Theorem of [A2] and its proof, which 
in turn uses the classification of the finite simple groups, together with deep knowledge 
of the subgroup structure of the automorphism groups of those groups. 

Section 1. Loops, folders, envelopes, and twisted subgroups 

In this section we recall some notation and terminology involving loops, summarize 
some facts about loops, and references for those facts. 

In [A2], a loop folder is defined to be a triple ^ = (G, H, K), where G is a group, H 
is a subgroup of G, K is a subset of G containing 1, and for all g & G, K is a, set of 
coset representatives for in G. The folder is an envelope if G — {K) and faithful if 
ker h{G) = 1, where kerj^(G) is the largest normal subgroup of G contained in H. 

For example if X is a loop then e{X) is a faithful loop envelope. 

Section 1 of [A2] contains the definition of a category of loop folders and functors e 
and / to and from the category of loops and the category of loop folders. The reader is 
directed to [A2] for notation, terminology, and results about folders and these functors. 

A twisted subgroup of a group G is a subset K of G such that 1 e K and for all 
x,y e K, xy~^x e K. See ([A2], §5) for a brief discussion of twisted subgroups taken 
from [Al]. 

A folder ^ = (G, H, K) is a Bol loop folder ii K is a twisted subgroup of G. Further 
(cf. [A2], 6.1) a loop X is a Bol loop iff e{X) = {G,H,K) is a Bol loop folder. In 
that event there is a normal subgroup E^iG) of G called the K-radical of G, and a 
corresponding normal subloop S(X) of X (which is a group) called the radical of X. 
Moreover if 'Ek{G) = 1 then there is a unique automorphism r = tx of G such that 

= 1 and K C K{t), where 



K{T)^{geG:g^ ^g-^}. 
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See ([A2], §6) for further discussion. 

Next X is an ^^-loop iff H acts on K via conjugation (cf. 4.1 in [A2]). Further X is 
a Bruck loop iff X is a radical free (ie. = 1) A^-loop. (cf. 6.7 in [A2]) 

The material in the remainder of this section is elementary and easy. See, for example, 
([Br], IV. 1) for further discussion and proofs. 

A normal subloop of a loop X is the kernel of a loop homomorphism. Further a subloop 
y of X is normal iff for all a,b E X, 

ao(Yob) = Yo{aob) = {aoY)ob, 

in which case the cosets Vox, x e X, form the equivalences classes of an equivalence rela- 
tion (congruence) on X, and we can form the factor loop X/Y on this set of equivalence 
classes, with multiplication defined by 

{X oa)o{X ob) = X o{aob). 

Also we obtain the surjective loop homomorphism tt : X ^ X/Y with xn — Y o x and 
ker(7r) = Y. We have the usual facts: 

(1.1) If (f : X ^ X' is a surjective loop hom,om,orphism with ker((/?) = Y then 

(1) ip : X/Y — >• X' defined by (Y o x'jt/j = xtp is an isomorphism with tt-^ = </?. 

(2) IfU < X then Uip < X' . 

(3) IfV < X' thenV(fi-^ < X. 

Section 2. Normal structure of loops 

In this section ^ = (G, H, K) is a loop envelope and X = l{^). 

(2.1) Let = (Gi, Hi, Ki) be normal subfolders of ^, set = C/^i, and let TTi : ^ —>■ 
be the natural map of ([A2], 2.6) with ker(7ri) = ^j. Then 

(1) ^-iTTi < C- 

(2) Let Gg = Hs = Hn G3, and K3 = K n G3. Then = (^3, H^, K^) < C 
and ^s^i = 

(3) ^/^S = e/^3-^^^■ 

(4) Let Go = Gi n G2, Ho^HiC] H2,_and_Ko =_Ki n_K2. Then Co < _ 

(5) Set G = G/Gq. Then G3 = Gi x G2, H3 ^ Hi x H2, and K3 ^ Ki x K2. 

(6) Let Xi = l{Ci). Then X^ is normal in X for each i and X^/Xq = Xi/Xq x X2/X0. 

Proof. Let G* = Gtti. Then - {G*,H*,K*) and ^ztti = CI = {G*2,H2,K^)- By 
([A2], 2.9), Xi < X and = K^i) : X ^ X^ = X/X^ is an isomorphism. As 
X2 < X, X2'^\ < X^ by 1.1, and then by another application of 1.1, the preimage 

Y of X2'^\ in X under -i/'i is also normal in X. By ([A2], 2.9.3), there is a normal 
subfoldcr /i = {Gy^Hy^Ky) of i with l{[i) = Y. As Yipi = XsV'i, = K^, so 
s^* {K2) = s^* (Ky) is a subenvelope of C* and hence as G2 = H2K2, ^1 ^ subfolder of 
r by ([A2], 2.1). 
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Let k2 & K, k e K, and e G. As ^2 ^ C the normality condition (NC) from 
([A2], §2) is satisfied by ^2, so there is I e n G2 and ks e K with k2k = Ik^. Then 
A;*/c* = r/cg, so ^2 satisfies (NC) in establishing (1). 

Let a : ^* — ^ ^*/^2 be the natural map and f3 = na. Then /3 : ^ ^ ^*/^| is a surjective 
morphism with kernel ^3, so ^3 is a normal subfolder of ^, establishing (2) and (3). 

Let u,g e Gq. Then u = huku with e and ku G -P^- As is a subfolder of ^ 
for z = 1, 2, e iyf and k^ e Kj, so hu e Hf n = and e n K2 = -K'o, and 
hence ^0 is a subfolder of ^. Similarly if kg G -ftTo and k E K then /cq/c = ^/c4 for some 
/ G -ff^ and A;4 G and as < ^ for i = 1, 2, Z G i??, so Z G Hq and hence ^0 satisfies 
(NC) in ^. This establishes (4). 

Of course 



= G2 X = i^ii^i x H2K2 = {Hi x iy2)(i^i x K2), 

with H1H2 < H3. Let Oj e Ki, i = 1,2. Then 0102 ^ hk, h e H^,_ k G -ftr3. Also 
0,2 = o^02 = so h* = 1; that is /i G -ffi. By symmetry /i G .^2, so ^ = 1 and hence 

Ki X K2 Q Ks. Therefore H3 = Hi x H^ and = Ki x K2, establishing (5). 
Finally, applying the functor I to (5), we obtain (6). 

(2.2) Assume X is finite and tt is a set of primes. Then 

(1) X has a largest normal ir-subloop OTt{X). 

(2) There is a normal subfolder = {Gj^, H^^, K^^) of ^ such that Z(^7r) = G7r(X). 

Proof. Part (2) is a consequence of (1) and ([A2], 2.9.3). By 2.1.6, if Xi and X2 are 
normal 7r-subloops of X then there is a normal 7r-subloop X3 of X containing Xi and 
X2, so (1) holds. 

Section 3. Radical free Bol loops. 

In this section X is a radical free Bol loop and ^ = e{X) = (G, H, K). Adopt Notation 
6.3 from [A2], and assume: 

Hypothesis 3.1. M+ is a maximal subgroup of G"*" containing H{t) and is a normal 
subgroup of G+ contained in M+. Set G+* = G+/J+, Km = KnM+, and Am = tKm- 
Let A = G'^ /M'^ and represent G"*" on A via right multiplication. 

(3.2) (1) \K\ = |A| and \Km\ = |Am|- 

(2) Am = AnM+. 

(3) |A| = |G : M\\Am\. 

(4) Let X*, 1 < i < r be representatives for the orbits of G* on A*, rrii = \X*'^ \, 
TT-i = |A n AjJ+ 1, and no = |A n J+|. Then 

r 

\A\ = no + y^n^m^. 

(5) If \G~^ : M+l is odd then no = and each member of A fixes a unique point of A. 
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Proof. As the map A; i-^ tA; is a bijection of K with A and r e M+, (1) and (2) hold. 
The proof of (3) is straightforward and is the same as that of 12.5.1 in [A2]. Similarly 
the proofs of (4) and (5) are essentially the same as those of parts (2) and (3) of ([A2], 
12.5), but we repeat the details for completeness: 

Let Ai = {A e A : A* e A**^} and Aq = A n J+. Then {Aj : < i < r} is a partition 
of A with |Ao| = no and |Aj| = niirii for 1 < z < r. Thus (4) holds. 

Finally assume a = \G'^ : M+j is odd. Then by Sylow's Theorem we may choose 
XieM+. Set 

= |A*^nM+*|. 

Then arguing as in the proof of (4), 

r 

(*) \AM\ = no + ^niti. 

Therefore by (3), (4), and (*), 

r r 

no + niirii — |A| = Q!|Am| = (xno + (xniti, 

so 

r 

(**) (a-l)no + ^ni(ati-mi) = 0. 

We next claim: 

(!) For each 1 < i < r, ati > rrii, with equality iff each A G A^ fixes a unique point of A. 
Namely each Aj e A* is in some conjugate M+*^ of M+*, and \M+*3 n Aj| = t^, so as 

\M+*^\ = 1^+ : Ng{M+)\ = \G : M+\ = a, 

nii = |A*| < ati with equality iff each A* is contained in a unique conjugate of M+* iff 
A fixes a unique point of A. 
Finally by (!): 

(!!) 'Yh^i ni{ati — nii) > with equality iff each A G A — Aq fixes a unique point of A. 
As a > 1 we conclude from (**) and (!!) that (5) holds. 

(3.3) Adopt the notation of 3.2, assume 1 < uq is a power of 2, and p is an odd prime 
such that rui = mod p for all 1 < i < r. Then H contains a Sylow p-subgroup of G. 

Proof. By 3.2.4, |A| = no mod p, so as 1 < uq is a power of 2 and p is odd, |A| is 
relatively prime to p. Thus as |G : i?| = |A|, the lemma follows. 
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Section 4. The proof of Theorem 2 

In this section X is a Bruck loop and u,v e X. 

(4.1) (1) The map x i-^ R{x) is an isomorphism of (v) with {R{v)). 
(2) For all integers m, n, {u o v"^) ov^ = uo y^-^^ , 

Proof. Part (1) is well known (cf. [A2], 6.8), and (2) is just a restatement of (1). 

(4.2) {uovY = {v ov?-) ov. 

Proof. This appears in Lemma 1 in [G2], but we supply a proof for completeness. Let 
w & X and set z = o x~^. Since X has the AIP, using 4.1.2: 

z o (w o x)^ — {w o x)~^ o [w o x)'^ = w o X. 

Next 

wox^ w~^R{x~^)R{x)R{w^)R{x) = zR{x)R{w^)R{x) = zR{{x o w^) o x), 

using 4.1 and the Bol identity (Bol2). Thus zo(wox)'^ = zo ((xow'^)ox), and cancelling 
z, we obtain the lemma. 

(4.3) Assume k is a positive integer such that u"^^ commutes with v^' for each 1 < 
j < k. Then {u o v)^* = o for each < i < k. 

Proof. The lemma is trivial if z = 0. When z = 1, 4.1.2 and 4.2 say 

/'\2/2\ /2\ 22 

{uo v) ={vou)ov={u O V) O V = U O V . 

Finally complete the proof by induction on i, using the validity of the lemma at z = 1. 

(4.4) Ifve{uov) then R{u)R{v) = R{u ov)= R{v o u) = R{v)R{u) . 

Proof. As D e {u o v), u = {u o v) o £ {u ov) by 4.1.2. Then the lemma follows from 
4.1.1. 

With these lemmas in hand, we can prove Theorem 2. Let x,y e X with |a;| = 2"' and 
\y\ odd. We prove 

(*) R{x)R{y) = R{x oy)^ R{y o x) = R{y)R{x) 

by induction on n. Observe (*) implies xoy = yoxQS,Ris injective. 

When n = 0, (*) is trivial. Assume n > and (*) holds for i < n. Then as = 2'^~^, 
each element of (x^) commutes with each element of (y) by the induction assumption. 
Therefore by 4.3, {x o y)^ = x^ o = , so j/^ & {x o y). Then as \y\ is odd, 
y E {x o y)^ so (*) holds by 4.4. 

This completes the proof of Theorem 2. 
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Section 5. Bruck loops 

(5.1) Let X be a loop with envelope ^ — {G, H, K). Then the following are equivalent: 

(1) X is a Bruck loop. 

(2) X is an A^-loop and X is radical free. 

(3) H acts via conjugation on K and ExiG) = 1. 

(4) ^k{G) = 1 andH<CG{Tx). 

Proof. Parts (1) and (2) are equivalent by ([A2], 6.6). Assume (2). Then X is radical 
free, so Sx(G) = 1 by definition. As X is an Aj,-loop, H acts on by 4.1 in [A2], so (3) 
holds. The proof of 6.7 in [A2] shows that (3) implies (4). Finally the proof of (4) in 6.6 
of [A2] shows that (4) implies X is an ^^.-loop; thus (4) implies (2). 

A loop folder ^ = (G, iJ, K) is a Bruck loop folder ii ^ is a Bol loop folder, Ek{{K)) — 1, 
and H acts on K via conjugation. 

In the remainder of the section assume ^ = (G, H, K) is a finite Bruck loop folder. We 
adopt the following notational conventions: 

Notation 5.2. As 'E.k{{K)) = 1, from ([A2], 5.1.3c), there is a unique automorphism 
T = of {K) such that = 1 and K C K{t). As H acts orv K, H f] (K) centralizes 
T by the uniqueness of r. As ^ is a loop folder, K is a set of coset representatives for 
H in G, so as r centralizes H fl (K) there is a unique extension of r to G defined by 
T : hk hk'^ for h E H and k E K. Form the semidirect product G~^ = G{t) of G by r 
and let A = tK C G+. By ([A2], 5.1), A is (X) -invariant, so as H centralizes r and acts 
on K, and as G = HK, A is also G-invariant. 

Let G+ = GG+(r), G^ = Gg(t), and = Ck{t). Set = (G^, H, K^). 

For UQH, let Ku = Ck{U), Gu = NoiU), Hu = NniU), and = (Gu, Hu, Ku). 

(5.3) (1) ^ is an A^-loop folder; that is H acts on K via conjugation. 

(2) For each k E K, H f\H^ = Cnik). 

(3) H controls G-fusion in H . 

(4) If iJi — {Gfj,, H^, K^) is a sub folder of ^ then /i is a Bruck loop folder, r acts on 
G^, and = T|g^. 

(5) Suppose TT : ^ — > 77 = (G^, H^^ K^) is a surjective homomorphism of loop folders, 
and let ^0 = {Go, HqiKq) = ker(7r). Then r acts on Gq, rj is a Bruck loop folder, = t' , 
where r' : Gr, ^ Gr^ is defined by r' : giz ^ 9^"^, ond t' is the unique r* : Gr^ ^ Grj such 

that TTT = TTT*. 

Proof. Part (1) follows from the definition of Bruck folders. Then (1) and ([A2], 4.3) 
imply (2) and (3). 

Assume the hypotheses of (4). Then C K <Z K{t), so r acts on and < 
H < Cg{t), so t acts on H^. Therefore r acts on G^ = H^Ki^. By ([A2], 6.2), /i is a 
Bol loop folder, and by construction i?^ C Gg^(t) and C -fC(T), so by ([A2], 5.2), 
r\{K,,) = T{K^), completing the proof of (4). 

Finally assume the hypotheses of (5). Then ^ is a normal subfolder of ^, so r acts 
on Go by (4) and hence induces r' : G^ — > G^ defined by r' : gn ^ g^n; further r' is 
the unique map t* : Grj ^ Grj such that ttt = ttt*. As tt : K ^ K^j is surjective and 
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K C K{t), this implies K^j C K{t'), and similarly r' centralizes Hrj, so by ([A2], 5.2), 
EK^{{Kr,)) = 1 and r' = r^. Thus (5) holds. 

(5.4) (1) Ct is a Bruck loop folder. 

(2) X-T = 1{^t) is of exponent 2. 

(3) K-T is Gr -invariant and Aj- = Ca{t) = rK-j-. 

Proof By ([A2], 6.6.5), is a subfolder of C and (2) holds. Then (1) follows from 5.3.4. 
For g & Gr and k G Kt, k — tX for some A G A^-, so k^ = tX^ G tA^ = Kj- as A is 
G-invariant, so K^- is Gr-invariant. Thus (3) holds. 

(5.5) LetU CH and X = Then 

(1) is CL Bruck loop folder. 

(2) Xjj = FixxiU) is a Bruck subloop of X with l{^u) = Xu. 

(3) Ku^Nk{U). 

(4) (Ku) is transitive on Xu. 

(5) Au = Na{U) = Ca{U) = tKu. 

(6) If h E H and /i^ 7^ 1 then h is not inverted by any member of A. In particular r 
inverts no conjugate of h. 

Proof. By 5.3.1, ^ is an A^-loop folder, so by ([A2], 4.3.3), is a subfolder of ^. Thus 
(1) follows from 5.3.4. By parts (1) and (2) of ([A2], 4.3), Xu is a subloop of X with 
K^u) — ^u- Then as $,u is a Bruck folder, Xu is a Bruck loop, so (2) holds. Parts (3) 
and (4) follow from parts (4) and (6) of ([A2], 4.3). 

Next Na{U) = tNk{U) = tKu, so (5) follows from (3). Then (6) follows from (5). 

(5.6) Assume ^ is an envelope, Q < G with Q < G'^ , and set G'^* = G'^ /Q. Then the 
following are equivalent: 

(1) \k*\ is odd for each k E K. 

(2) |t*A*| is odd for each A G A. 

(3) \G*\ is odd. 

Proof. As K = rA, (1) and (2) are equivalent. Trivially (3) implies (2). Finally if (2) 
holds then A* = r*^ and by Glauberman's Z*-Theorem [Gl], G* = {K*) = (t*A*) is of 
odd order. 

Recall that a loop X is a 2-loop if \X\ is a power of 2, and X is a 2' -loop if \X\ is odd. 

(5.7) Assume ^ is an envelope and set X = l{^). Then 

(1) The following are equivalent: 

(a) X is a 2-loop. 

(b) G is a 2-group. 

(c) af3 is a 2 -element for all a,/? G A. 

(2) The following are equivalent- 
fa) X is a 2' -loop. 

(b) \G\ is odd. 

(c) \k\ is odd for all k & K. 
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Proof. As \X\ = \K\ = \G : H\, (b) implies (a) and (c) in (1) and (2). 

Assume X is a 2- loop. Then \G : H\ is a power of 2, so for each odd prime p and 
each element g of order p in G, g is conjugate to an element of H. Thus no member of A 
inverts g by 5.5.6. Hence by the Baer-Suzuki Theorem (cf. [FGT], 39.6), A C 02{G+), 
so K = tA C 02(G). Therefore G — (K) is a 2-group. Similarly if (Ic) holds then no 
member of A inverts a nontrivial element of odd order, so the same argument shows G 
is a 2-group, completing the proof of (1). 

Assume X is a 2'-loop. As each k e -ftT* is fixed point free on X, while (k) C K hj 
([A2], 5.1), k is semiregular on X, so \k\ divides |X| and hence |fc| is odd. Therefore (2a) 
implies (2c), while (2c) implies (2b) by 5.6, completing the proof of (2). 

(5.8) Let L be a group of odd order and t an involutory automorphism of L. Then 
H = (L, CL{t), KLit)) is a Bruck loop folder, where KLit) = {I E L : = 

Proof. Let C = CL{t) and K = K^it). The map a : Cg ^ [t, g] is a well defined injection 
of L/C into K. Further as \L\ is odd, for k e K, tk e t^ , so k e tt^ C a{L/C). Thus a 
is a bijection so \L : C\ — \K\. Finally if a,h,c & with 1 ^ x = ab E Cg{c) then (a) 
and (c) are Sylow in the normalizer of X = (x), so there is ^ e Ng{X) with = c by 
Sylow's Theorem. This is impossible as a inverts X, while c centralizes X. Thus is a 
Bol loop folder and Ek{{K)) = 1 by the equivalence of parts (1) and (6) of ([A2], 6.4). 
Then by construction, // is a Bruck folder. 

(5.9) Assume Go ^ G, set G* = G/Gq, and assume \k*\ is odd for each k E K. Let 
Hq — H n Gq, Kq — K r\ Go, ^0 — {Go, Hq, Kq), and n : G ^ G* the natural map. Then 

(1) G* is of odd order. 

(2) ^0 is a normal subfolder of and tt : ^ — > ^/^o = {G*,H*,K*) is a surjective 
morphism of loop folders with ^0 = ker(7r). 

(3) mmo) = m/^o) IS a 2' -loop. 

Proof. Part (3) follows from (1), (2), ([A2], 2.7), and 5.7.2; part (1) follows from 5.6. 

Let t be the involutory automorphism of G* induced by r as in 5.3.5, and Kt = Kq* (t). 
By 5.8, C = {G*,CG'{t),Kt) is a Bruck loop folder. Further H* < Ca-it), K* C Kt, 
and G* = H*K*, so it follows that H* = Cg* (t) and K* = Kf Thus = [G*, H*,K*) 
is a loop folder and tt : ^ — > ^* is a surjective morphism of folders, so ^0 = ker(7r) is a 
normal subloop of ^ and ^* = i(0/K^o) by definition of the notation in ([A2], 2.6). That 
is (2) holds. 

(5.10) Assume \G\ is odd and let X = Z(^). Then 

(1) A = T^, H = Cg{t), and K = K{t). 

(2) The map (p : J ^ {J, Cj{t), Kj{t)) is a bijection between the set J of r -invariant 
subgroups J of G and the set T of subfolders of ^. 

(3) Under the bijection ip, normal subgroups of G correspond to normal subfolders of 

(4) The map Y y-^ {k{Y)) is a bijection between the set of subloops of X and the set 
C of L E J such that L — [L, r] . 

(5) G and X are solvable. 
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Proof. The proof of 5.9 in the special case where Gq = 1 shows that (1) holds. 

By 5.8, is a map from J into .F, and by construction, is injective. If = 
(J, ifj, Kj) e then J is r-invariant and is a Bruck folder with = t\j by 5.3.4. 
Thus ifj = Cj{t) and = Kj{t) by (1). Hence is a surjection, completing the proof 
of (2). If J < G, then <p{J) < ^ by 5.9, so (3) also holds. 

Let y be the set of subloops of X and ip the map in (4). (cf. Convention 1.9 in [A2] for 
the definition of k.) Then is an injection from y into £. Further if L e £ then (p{L) e 
.F, so (piL) = l(ip{L)) e 3^, and hence is a map from £, to 3^. Next k{Y) = K H ip{Y), 
so is the set of translations of ip{ilj{Y)), and hence Y = l{ip{i/j{Y))) = (j){ip{Y)). 

Similarly Kl{t^]^) = K{(f){L)), so L = 'il;{(f){L)), completing the proof of (4). 

By the Odd Order Theorem [FT] , G is solvable. Thus a minimal normal subgroup L 
of G is an elementary abelian p-group for some prime p. By (3), ip{L) < ^, so by ([A2], 
2.9), (f){L) < X. AsL is abelian, HDL < L, so (f){L) ^ L/H n L by ([A], 2.10). By 
induction on the order of X, X/(j){X) is solvable, so X is solvable. 

(5.11) D{G) = {K) < G. 

Proof. This holds as G = HK and H acts on K via conjugation. 

(5.12) IfX = 02{X) X 0{X) then X is solvable. 

Proof By 5.10.5, 0{X) is solvable, while by ([A2], 7.4) and 5.7.1, 02{X) is solvable. 

(5.13) The following are equivalent: 

(1) X is a 2-element loop. 

(2) k is a 2-element for each k & K. 

(3) T e 02{G+). 

Proof. Parts (1) and (2) are equivalent by 4.1.1. If (2) holds then rr^ is a 2-element for 

each (7 G G, so (3) holds by the Baer-Suzuki Theorem (cf. [FGT], 39.6). Conversely if 
(3) holds then for each A e A, tA e (A)02(G"'"), so /c = tA is a 2-element; that is (3) 
implies (2). 

Section 6. The proof of Theorem 1 

In this section we establish Theorem 1. Thus we assume X is a finite Bruck loop and 
we set ^ = e(X) = (G, H, K). 

Let Xr be the set of r-elements of X for r e {2, 2'}, Kr = R{Xr), and Gr = {Kr). 

(6.1) For each x E X , x = X2 o X2' with x^ G X^ fl {x), and this expression is unique. 

(2) R{x) = R{x2)R{x2') with R{xr) G Kr. 

(3) G = G2 * G2' is the central product of G2 and G2' ; that is G = G2G2' and 

[G2,G2']=1. 

(4) 0^'{X) < X. 

(5) G2><0{G). 

(6) X2' = O'^iX) = 0{X) < X and X/0{X) is a 2-element loop. 

Proof. Parts (1) and (2) follows from 4.1.1 and the corresponding statement for groups. 
Then (3) follows from (1), (2), and Theorem 2. 
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By (3), G2 < G. Let G* = G/G2, Jr = KnGr, and Y = R-\J2). For R{x) G J2, 
R{x) = R{yi) ■ ■ ■ RiVn) with each yi e X2. Applying both sides to 1 e X shows that 
X e {X2) = 0^'{X), and so y = 0^'{X). 

Each element of K* is of odd order, so 5.9 tells us that G* is of odd order and 

Y = 0^'{X) is a normal subloop of X. Let L = G2' and U = L n G2. Then L* ^ L/U 
is of odd order, and hence solvable by the Odd Order Theorem [FT]. Also U < Z{L) by 
(3), so L is solvable and hence L = LqU, where Lq is a Hall 2'-subgroup of L by Phillip 
HaU's Theorem 18.5 in [FGT]. Then as U < Z{L), L = 0^{L) = Lq is of odd order, 
establishing (5). 

By 5.8, 6' = {L,Cl{t),K2') is a subfolder of ^, so by ([A2], 1.9), X2' = R~^{K2') is a 
subloop of X. Then by definition, X2' = 0^{X) Let u e K2' and v e K. By (2), v ^ ba 
with b e K2' and a E K2., so uv = uba. As ^2' is a subfolder, ub = hb' with h e Cl{t) 
and b' G -ftr2'- By Theorem 2, b' a = k' E K , so uv — hv' ; that is the normality condition 
(NC) of ([A2], §2) is satisfied. Hence (6) follows from ([A2], 2.9). 

We are now in a position to prove Theorem 1. We apply 2.1 to G2' and G2 in 
the roles of the groups "Gi" and "G2" in that lemma. From the proof of 6.1, the 
subfoldcrs = {Gr^H fl G^, Jr) are normal with J2' = 0{X) and J2 = (X). By 
6.1.3, G = G1G2 = G3. Thus by 2.1, G = Gi x G2 and X/Xq = Xi/Xq x X2/X0 = 
0^'{X)/Xo X 0{X)/Xo. Also Xq = R-\J), were J = K2' n G2. By 6.1.3, J < Z(G). 
For k E K, k = ba with a G K2., b G -^"2'. As r inverts j and 6 and j G -Z^(G), r 
inverts j6, so j6 G K2' by 5.8. Thus jA; = jba G -fC by Theorem 2. Hence jK C K, so 
R-^j) G Z(X); that is Xq < Z{X). 

We have established the first four statements in Theorem 1, so it remains to establish 
the fifth. Thus we may assume X is solvable. Moreover we assume X is a counterexample 
of minimal order to part (5) of Theorem 1. Therefore O^'(X) 7^ 02{X), so O^' (X) is 
not a 2-loop. Also each proper section y of X is solvable, so by minimality of X, 

Y = 02{Y) X 0{Y) and Gy = 02{Gy) x 0{Gy), where Gy is the enveloping group of 
Y . In particular X = {X) is not a 2-loop and G = (G) is not a 2-group. 

Suppose 0{X) 7^ 1. By minimality of X, Y — X/0{X) is a 2-loop and Gy is a 2- 
group. Let U = R{0{X)) and G* = G/U. As 0{X) < Z{X), Co = {U, 1, C/) is a normal 
subfolder of e, T = iG*,H*,K*) = ^/Co, and Y ^ /(^/^o), so = G*/ kerj^, (G*). By 
3.3.2, kern* (G*) < Z(G*), so as Gy is a 2-group and U < Z{G), G is solvable and G = 
TZ{G) for T G S'y/2(G) by coprime action (cf. [FGT], 18.7.4). Thus G = O'^' {G) = T, 
contradicting G not a 2-group. 

Let y be a maximal normal subloop of X. As G(X) = 1 and Y — 02{Y) x 0{Y) with 
0{Y) = 02 (y) < 02 (X) = 0(X), y is a 2-loop. As X is a solvable 2-element loop and 
y a maximal normal subloop of X, X/Y = Z2. Thus |X| = 2|y| is a power of 2, so X 
is a 2-loop, for our final contradiction. 

Section 7. The proof of Theorem 3. 

In this section we establish Theorem 3. 

Assume X is an M-loop and let ^ = e(X) = (G, H, K). 
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(7.1) (1) X is simple. 

(2) 0{X) = 02iX) = l. 

(3) X is a 2-element loop. 

(4) Theorem 3 holds if X is of exponent 2. 

Proof. If y is a proper nontrivial normal subloop of X then Y and X/Y are proper 
sections of X, and hence are solvable; but then X is also solvable, contradicting the 
hypothesis that X is an M-loop. Therefore (1) holds. Then (2) follows from (1) and 
5.12, and (3) follows from (2) and Theorem 1. Finally if X is of exponent 2 then X is 
an N-loop, as defined in [A2], so Theorem 3 holds in this case by the Main Theorem of 
[A2]. 

By 7.1.3, X is a 2-element loop. We can repeat many of the lemmas from ([A2], §12), 
proved there under the stronger hypothesis that X is of exponent 2. By 7.1.4, we may 
assume X is not of exponent 2. Adopt notation 5.2, and for C/ < G set D{U) = {K r\U). 
For U <H, let Du = D{Gu). 

(7.2) Assume p is an odd prime divisor of \H\ and let 1 ^ P be a p-subgroup of H. 

Then 

(1) H contains a Sylow p-subgroup of H. 

(2) No member of A inverts an element of order p. 

(3) \Ng{P) : Nh{P)\ is a power of 2. 

Proof. As is a proper subfolder, Gp = Hp Dp, and Dp is a 2-group as X is a 2-element 
M-loop. Thus (3) holds. Then (3) implies (1), while (1) and 5.5.6 imply (2). 

(7.3) \G : H\ is not a power of 2. 

Proof. By 7.1.2, G is not a 2-group, so as \X\ = \G : H\, the lemma follows from 5.7.1. 

During the remainder of this section we work in the following setup: 

Hypothesis 7.4. M+ is a maximal overgroup of {t)H in G~^ . Set M = M+ n G, 

J+ = kerM+(G'+), Km = K n M+, Am = tKm, D = D{M), and G+* = G+ / J+ . 

(7.5) (1) Hypothesis 3.1 is satisfied. 

(2) 02{G){t)^02{G+)<J. 

(3) 1^+ : M| is even. 

Proof. Visibly Hypothesis 7.4 implies Hypothesis 3.1, so (1) holds. As X is a 2-element 
loop, T e 02{G^) by 5.13, so (2) holds. Finally r e A n J by (2), so (1) and 3.2.5 imply 
(3). 

(7.6) (1) M = HD and D is a 2-group. 

(2) I Am I = \M :H\ is a power of 2. 

(3) \G : M\ is even hut not a power of 2. 

(4) M and H are not 2-groups. 

(5) D < G, H* ^ M*, and K* n M* ^ 1. 

(6) Let N be the preimage in G of F*{G*). Then G = HN. 



14 MICHAEL ASCHBACHER, MICHAEL K. KINYON, AND J.D. PHILLIPS 



(1) J is a 2-group. 

Proof. The proofs of (l)-(4) arc the same as that of the corresponding parts of ([A2], 

12.6) . Similarly if D < G then the proof of ([A2], 12.6.5) shows that (5) holds, so suppose 
D is not normal in G. Recall D < M"*" by 5.11, so = Nq+{D) by maximality of 
M+. Next let D+ = D{t); thus D = D+ nG and D+ = (Am), with Am = ADM. Thus 
D+ = {Na{D+)), so taking D+ < T+ e SyhiG^), D+ = {An Nt+{D+)) and hence 
D+ = (T+ n A), so T+ < Ng{D+) < M+, contrary to (3). 

Now parts (6) and (7) follows as in the proof of the corresponding parts of ([A2], 12.6). 

(7.7) Suppose 1 ^ U* < H* is a p-group for some odd prime p. 

(1) H contains a Sylow p-group of the preimage of U* in G* . 

(2) Ng*{U*) = NaiPy - NH{PrD{CG{P*)). 

(3) The triple G* , M* , K* satisfies Hypothesis N of ([k2], %10). 

(4) K* = A*. 

Proof. The proofs of (l)-(3) are the same as those of the corresponding parts of ([A2], 

12.7) . Use 3.3 in proving (3). Note as r e J, K* = A* is a union of conjugacy classes of 
involutions of G* . 

(7.8) F*{G*) is a nonabelian simple group and G* = F*{G*)H*. 
Proof. The proof is the same as that of ([A2], 12.8). 

Theorem 7.9. (1) G* = PGL2{q) with q = 2'^ + 1, H* is a Borel subgroup of G* , and 

K*"^ consists of the involutions in G* — F*(G*). 

(2) \K**\ =m = q{q- l)/2 and \G : M\^q + 1. 

(3) Letno = \KnJ\ andni = \KnaJ\ fora e K-J. Thenrio = \M : H\ = \D : DnH\ 
is a power of 2, uq = ni2'^-^ , and \X\ = \K\ = {q+ l)no = ni2"(2^-i + 1). 

(4) F*{G) = J = 02iG). 

Proof. The proofs of (l)-(3) are the same as the corresponding parts of ([A2], 12.9). Note 
that since r e J"*", for A e A — J+, A = ra for some a & K — J'^ and the map k ^ rk is 
a bijection of -ftTfl a 7+ with A J+ fl A. 

By 5.4, Gt- = HDr, where Dj^ = D{Gr) and Xj- is of exponent 2. As we are assuming 
that X is not of exponent 2, Xt- ^ X, so Xj. is a 2-loop, and hence Dt- is a 2-group. 
Thus each subgroup of G-r of odd order is fused into H under Dj-. However if (4) fails 
then as T e J"*" = 02(G"'"), G~^ = LJ+, where L = E{G), and r centralizes L. But 
then L centralizes Dr, so each subgroup of L of odd order is contained in H. Therefore 
E = 0^{E) <H,soE< ker h{G) = 1, a contradiction. 

Observe that 7.1 and Theorem 7.9 establish Theorem 3. 

Section 8. The proof of Corollary 4 

In this section we prove Corollary 4. Thus we assume X is a Bol loop which is also 
an yl^-loop. Let ^ = e(X) = {G,H, K), G* = G/^k{G), and G = G*/ kerj^* (G*). 
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(2) 

(3) 

U) 
(5) 
(6) 
(V 
(8) 
(9) 



1 andK* C K{t). 



Proof. Parts (l)-(4) are the corresponding parts of ([A2], 6.5). Then (7) is a consequence 
of (4) and ([A2], 2.9.2). Part (5) follows from ([A2], 5.1.3). As X is an A^-loop, H acts 
on K via conjugation by ([A2], 4.1), so H* acts on K* . Therefore (6) follows from the 
uniqueness of r in (5). Thus r acts on kerj^*(G*) and hence induces an automorphism 
f of G centralizing H with K C K{t). Therefore S^(G) = 1 by ([A2], 5.1.3). Then (8) 
follows from this fact and the fact that f centralizes given the equivalence of parts 
(1) and (4) of 5.1. Finally (9) follows from ([A2], 4.3.4). 

Assume X is solvable. Then S(X) is solvable, so the subgroup Sx(G) is also solvable 
by 8.1.3. Next by 8.1.8, X/S(X) is a Bruck loop, and solvable as X is solvable. Then 
by Theorem 1 and the Odd Order Theorem [FT], the enveloping group G of X/'E{X) is 
solvable, and by 8.1.7, G = G. Then appealing to 8.1.9, G is solvable. 

Thus to complete the proof of Corollary 3 it remains to show that X is solvable if G 
is solvable. Assume otherwise and choose a counter example X of minimal order. 

As G is solvable, so are "ExiG) and G. Hence S(X) is solvable by 8.1.3. Further by 
8.1.8, X/'E{X) is a Bruck loop, and by 8.1.7, G is its enveloping group. Thus if H(X) ^ 1 
then X/S(X) is solvable by minimality of X, so X is solvable, contrary to the choice of 
X. Therefore X is radical free and a Bruck loop. 

Next if F is a proper section of X, then by ([A2], 2.9), the enveloping group of F is a 
section of G, and hence is solvable. Therefore by minimality of X, y is solvable. Thus 
X is an M-loop. But now Theorem 3 supplies a contradiction, since G is solvable. 
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